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1. INTRODUCTION

Let K be a compact subset of the plane. K need not be connected nor of
finite connectivity, but it will be assumed that each component of the com-
plement of K has a Green’s function. Work of J. L. Walsh is utilized to
construct an interpolation basis (Q,:n =0, 1, 2,...), of rational functions
with poles off K, for the functions analytic on K, with the topology of uniform
convergence on compact subsets of some open neighborhood of K. A
sequence (Q, : n = —1, —2, —3,...) of rational functions with poles on K
is then constructed such that Z:=o 0.(2) Q_p1(w) =1/(w — z) for w and z
on suitable subsets of the plane. This is used to construct, for any basis
(Pp:k =0,1,2,.) for the functions analytic on K, a sequence
(Py: k = —1, =2, —3,...) such that Y5, P(z) P_;_y(w) = 1/(w — z). This
construction is applied to the expansion of topological vector space-valued
functions holomorphic on K. Examples are given involving orthonormal
polynomials and Faber polynomials.

2. INTERPOLATION BASES

Let X be a compact subset of the plane, each component of whose com-
plement having a Green’s function. Such a set K will be called a coregular
set. Let e be the unbounded component of the complement of K, let F be its
Green’s function with pole at infinity, and let K, be the complement of e.
For each extended real number x > 1, let E(x) be the set of all z such that
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either z is in K|, or exp(F(z)) < x; let L(x) be the set of all finite z such that
exp(F(z)) = x (oriented so that E(x) is to the left of L(x)), and let e(x) be
the set of all z such that either z is the point at infinity or exp(F(z)) > x.
Choose points (b(n): n = 1, 2, 3,...) in K such that

|lim(z — b(1))(z — b(2)) - (z — b)* = Dexp(F(z)),  (2.1)

where D is the capacity or transfinite diameter of K, and the convergence
is uniform on compact subsets of e. (We may, for example, choose for
k =1, 2,... points b(k, 1), b(k, 2),..., b(k, k) so as to maximize the modulus
of the k-th Vandermonde determinant I"[ik < (z(i) — z(j)) on K, and let
(b(n)) be the sequence b(1, 1), b(2, 1), (2, 2), b(3, 1),..., b(k, k),... [6, pp. 170,
157]. The maximum principle insures that these points lie on the boundary
of K, and thus in K.) Uniform convergence on compact subsets of an open
set O containing a set S will be called compact-open convergence in O or
compact-open convergence on S.
Let

0(2) =1;  Qu2) = (z — b(1)) - (z — b(n)),
Q_u(z) = 1/Qu(2), n=12,..
If x is any number > I, then by (2.1), ¥4 On(2) Q_._1(w) converges uni-
formly for z on any compact subset of E(x) and w on any compact subset

of e(x). If f is any function analytic on K|, then f is analytic in E(x) for
some x > 1, so

(2.2)

@)= X B0, By =(p2m) [ 00 23

for any y such that 1 <y < x, the convergence of the series being compact-
open in E(x) [6, pp. 65, 76]. The coefficients in this compact-open representa-
tion of f are uniquely determined since, for every n, k =0, 1, 2,...,

(/2mi) [ Qut) Q_pa(®)dt = By,

where d,;, = 1if n = k, and = 0 otherwise. Now if w is any finite point in e,
then w is in e(x) for some x > 1, and if z is in E(x), then, from (2.3),

Yow =)= ¥ Qu@1/270) [ Q-0 =)t = T 0uE) Q-rrs(),

the convergence being uniform for z on any compact subset of E(x) and w
on any compact subset of e(x).
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If £ is analytic in e(x) N E(y) where 1 << x <y, and if z is any point in
e(x) N E(y), choose r, s such that x << r < exp(F(z)) < s < y. Then

f@ = Qpm) [ (O~ 2N di—Qpmi) [ (FON— 2 dr
= ¥ @02 [ 1) Q0 sl

+ Q@2 [ (1) Q) di)

and so

f@= Y B0,  B)=(1/2mi) [ f(0)Q ns(r)d;
where L = any L(s) between z and L(y) for nonnegative n; L = any L(r)
between z and L(x) for negative »n; and the convergence of the series repre-
senting f is compact-open in e(x) N E(y).

Now let ¢; be any fixed bounded component of the complement of K,
let a(= a(j)) be a fixed point in ¢; , let ¢ = H(e;) where H is the linear frac-
tional transformation given by H(z) = 1/(z — a), and let K, be the comple-
ment of e. If Fis Green’s function for e with pole at infinity, then by unique-
ness, F;(z) = F(H(z)) is Green’s function for e; with pole at a. If we define
E(x), L(x) and e(x) as above (using F(z)), then we can define E;(x), Li(x)
and e;(x) as the images of E(x), L(x) and e(x) under H! (or equivalently,
we can define them directly in terms of F;) with L,(x) oriented so that E,(x)
1s to its left. Let (b(n): n = 1, 2, 3,...) belong to the boundary of K, (= outer
boundary of H(K)) and be such that (2.1) is satisfied, and let b(j, n) =
HY(bn), n=1,2,3,.... If £ is analytic in E,(x) for some x > 1, then
gu) = f(HY(u)) is analytic in E(x); so, from (2.3), f(z) =g) =
Ym0 B(n) Q.(t) where Qo) = 1;

Onw) = (u — b(1)) - (u — b(m))

- z—b(, D) (z—=b(jn)
T (z—ar@—0b(, 1) (a—b(G,n) 1/Q_n(w),

forn =1, 2, 3,...; while

BO = (1/2m) [ 04(0)g) v

o , f)dr
= @G.D =l [ 6T —a

= f®G, 1) = (f2i) [ (FO)e = b, D) de + f(e0)
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for any y such that 1 <y < x, and

Bn) = (1/2mi) | ) Qa0 8

= ((b(j, n + 1) — a)/2mi)

y f (t—a)"t@—b( 1) (a—bjm)f()adt
L) (t—=b(j, 1)) =+ (t = b(j,n 4 1)

forn =1,2,3,.... Thus if we define
Qinlz) = 1;

o (z— b, 1) - (z = b(j,n)) _ .
0in(2) LD —a GG —a " 1,2,3,..
] 249
0, 4(2) = z_—_l—)(],_l) 5
0;s.a(2) = z—a)20(j,1) —a) - (b(j,n) —a) "=

(z — b(j, 1)) - (z — b(j, n)) ’

then f(z) — f(o0) = X,_q B(j, 1) Qsu(z), Where
B, = (f2m) [ () Qs na®)

for any y such that 1 < y <C x, and the convergence of the series is compact-
open in E;(x). The coefficients in this compact-open representation of f are
uniquely determined, since B(j, 0) = f(b(j, 1)) — f(o0) while
1270) [ Qult) Qs na®)dt = 80, m=1,23,5  k=0,12,..
L;
2.5)

Moreover, as above, if w is any point different from g in ¢;, then w is in
e;(x) for some x > 1, and if z is in E;(x), then

Yoo =2 = 3 Qu@1f2m) [ (@sn a0 — 1)
) ’ (2.6)

8

= Qa’n(z) Q:i.—-n—l(w),

0

3
I

where the convergence is uniform for z on any compact subset of E;(x) and
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w on any compact subset of e;(x). Again, as above, if f is analytic in
e:i(x) A Eﬂ(y)’ then

f@= Y BG:m)Qu@.  BU.w) = (2m) [ f@)Qsnadt  27)
where L; = any L,(s) between z and L;(y) for nonnegative n; L = any Lir)
between z and L;(x) for negative n; and the convergence is compact-open
in e;(x) N E,().

Finally, let X be any coregular set, let (¢; : j = 0, 1, 2,...) be the components
of the complement of K, with ¢, the unbounded one; choose a point a; in
each e;, with g, the point at infinity; and let F; be Green’s function for ¢;
with pole at a; . Let X be the set of all sequences (x(0), x(1), x(2)...) such that
each x(j) is an extended real number > 1 and all but finitely many of the
x(jy=oc0. If x is in X, define Ei(x) = E{x(})), ej(x) =ei(x(j)) and
L,(x) = Li(x(j)) as above, let E(x) be the intersection of the Ej(x), let e(x)
be the union of the e,(x), and let L(x) be the union of the L,(x), where all
of these unions and intersections are taken over those j for which x(;) < co.
For each j =0, 1, 2,... choose (b(j, n): n =1, 2, 3,...) in K (on the boundary
of e;) as above, and define (Q;, : n =0, 41, 4-2,...) by (2.2) when j =0,
taking b(j, n) = b(n); and by (2.4) when j > 0, taking a(j) = a; for negative
n we make the convention that Q;, is defined as just stated on e;, and as
identically zero on the complement of e, . The sequence

0=Qn:j=0,1,2,...;0 =1,2,3,...) U (Qgo)
will be called an interpolation basis for K. We sum up in
THEOREM 1. Let K be a coregular set and let Q be an interpolation basis for
K. Then for any x in X, (2.6) holds for each j =0, 1, 2,..., the convergence being
uniform for z on any compact subset of E;(x) and w on any compact subset of

e(x). If f is any function analytic on K, then there exists x in X such that f is
analytic in E(x), and f can be expanded uniquely in the form

f@) = BO,0)+ Y Y B(j,n) On(2),

=0 n=1

BO,0) = ¥ ()2m) [ (1) Q,a(0)d, @8)
=0 L(y)
B(j,n) = (1/2mi) | FOG s, j=01,25 n=12.,

Jor any y < x in X (with y(0) < o0), the convergence of the series being com-
pact-open in E(x). Moreover, for j = 0, 1, 2,..., (2.5) holds for L; = any Li(x)
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such that x(j) < co. Finally, if f is analytic in e(x) N E(y) for some x <y
in X, then (2.7) holds for z in e(x) N Ei(y), with compact-open convergence
in e;(x) N Ey(y).

Proof. If fis analytic on K it is analytic in some neighborhood O of K,
and there exists a positive integer N such that e; is contained in O for all j > N.
Thus there exists x in X with x(j) = oo for j > N, such that f is analytic in
E(x). If z is in E(x), then z is in E(y) for some y < x in X; so, from (2.6)
(we may assume p(0) << o),

1@ =02m) [ (e —2)de= Y i) [ (Fe— 2 dr

=% T Q@27 [ (1) Qs a0 d,

and thus (2.8) holds, by the convention that Q; _,_;(t) = 0 for ¢ on L,(y),
k + j, and the fact that

[, SO aydi =0, j=N.

The uniqueness of the coefficients of the nonconstant terms in this compact-
open representation of f follows from (2.5) and the fact that

f Qui(t) Qj,—aa(t)dt = 0
Li(y)

J

forj,mk =0,1,2,..,n=1,2,3,.., and m # J, since in each case, except
j =0, the integrand is analytic on the bounded set e;,(x); and when j =0,
L;(y) 1s outside all the poles of the integrand, and the degree of the denomin-
ator in the integrand is larger by two than the degree of the numerator. The
uniqueness of the coefficient of the constant term follows from the unique-
ness of the other terms. This completes the proof of the theorem.

3. Bases
Let K be a coregular set, let x bein X andlet P = (P, : k=10, 1,2,...) be

a sequence of functions analytic in E(x) (except possibly at the points a(;)).
If every function f analytic in E(x) can be expanded uniquely in the form

fz) = f A(K) Py(2), 3.1)



INFINITELY CONNECTED COMPACT SETS 307

the convergence being compact-open in E(x), then P is called a basis for
E(x) (with compact-open convergence). If each P, is analytic on a fixed open
set containing CI(E(x)) = closure of E(x); and if every function f analytic
on CI(E(x)) can be expanded uniquely in the form (3.1), the convergence
being compact-open on CHE(x)), then P will be called a basis for CI(E(x)).
If P is a basis for E(x) and Cl(E(x)) for every x in X, then P will be called
a basis for K. Every interpolation basis for K is a basis for K.

THEOREM 2. Let P be a basis for CI(E(x)) and E(y), for some x < y in
X. Then there exists a sequence (P, :k = —1, —2, —3,...) of functions
analytic on e(x) such that, for every q in X with x < q <y, there exist r, s
in Xwithx <r<gqg<s<yand

o = 2) = 3, PuG2) Poxa(0) 62

the convergence being uniform for z on CI(E(y)) and w on Cl(e(s)), and also
uniform for z on CI(E(r)) and w on Cl{e(q)).

Proof. Let Q be an interpolation basis for K. If x(j) < oo, then Q;,

is analytic on E(x) for » =0, 1, 2,..., and so there exist complex numbers
G(j, n, k) such that

eo]

0.i(2) = Y, G(j, n, k) Py(2), (3.3)

k=0

the convergence being compact-open on E(x). If (B(r): n =0, 1, 2,...) is any
sequence of complex numbers such that f(z) = 3,,_o B(n) Q;.(z) converges
compact-openly on CI(E(x)), then f can be expanded in the form (3.1) with
A(k) = 2:=0 B(n) G(j, n, k) [5, Theorem 9.3, p. 444]. From (2.6) it follows
that

P, _.(2) = i G(j,n k — 1) Q;_n1(2), k=1,23,., 3.4

converge compact-openly on e;(x). For k =1, 2, 3,... we define P_,(z) =
P; _(z) for z in ¢;, for those j for which x(j) < co. Since P is a basis for
E(y), there exists an s in X, with ¢ << s < y, such that, if

Njnm(z9 W) =

f: G, 1, k) Po(2) @ ona() |
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then
i max(max(Nj,,,(z, w) : z in CI(E(g)), w in Cl(e(s))) : m = 0,1,2,...) < oo

for each j satisfying g(j) < oo [5, Theorem 7.3, Corollary 2, p. 442]. Thus
reversal in the order of summation is justified in the following sum, based
on (3.4), for z in CI(E(g)) and w in Cl(e;(s)):

go P(2) P i(w) = go Py(z) Pj,_p1(w)

i G(js n, k) Pi(z) Qj,—n-1(w)

=0

I
Ms

0

3
Il
el

= 3 0u® Q) = 10w — 2

by (3.3) and Theorem 1. A similar argument, which makes use of [5, Theo-
rem 7.3, p. 441] completes the proof of the theorem.
An examination of the proof of Theorem 2 yields the following

COROLLARY. If P is a basis for K, then there exists a sequence
(P, : k= —1, =2, —3,...) of functions analytic on the complement of K with
the property that, for every q in X, there exist r,s in X, withr < q < s and
§(j) < co whenever q(j) << oo, such that (3.2) holds, the convergence being
uniform for z in CI(E(q)) and w in Cl(e(s)), and also uniform for z in CI(E(r))
and w in Cl(e(q)).

Compare [5, Theorem 24.1, p. 466] for Theorem 2 in the special case in
which X is a disk, and [4, Theorems 1, 5] for Theorems 1 and 2 in the
special case where the complement of K is connected and bounded by
finitely many nonintersecting analytic Jordan curves.

4. VECTOR VALUED FUNCTIONS

Let ¥V be a complex Hausdorff locally convex topological vector space
whose topology T has the property that the closed convex balanced hull of
every T-compact set is T-compact. V will satisfy this condition, for example,
if it is quasi-complete [3, Proposition 7, p. 234]. Thus ¥ can be any complex
Banach or Fréchet space. Let O be an open subset of the complex plane, and
let f be a function from O into ¥ such that, for every continuous linear
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functional 4 on V, the complex function A(f(2)) is analytic in O. The func-
tion f'is said to be weakly holomorphic in O. It follows that fis T-continuous,
and that if L is any rectifiable Jordan curve which, together with its interior,
lies in O, then

f@) = (f2m) [ (FI — 2t

for all z in the interior of L, where the integral is the 7-limit of partial
vector sums [2, Theorem 1, p. 37].

THEOREM 3. Let K be a coregular subset of the complex plane, let P be a
basis for K (as in Section 3), and let V be a complex Hausdorff locally convex
topological vector space, whose topology T has the property that the closed
convex balanced hull of every T-compact set is T-compact. Then every
V-valued function f which is weakly holomorphic in an open set containing K
can be expanded uniquely in the form (3.1), where each A(k) is in V, and the
convergence is T-compact-open on K (that is, (3.1) converges with respect to T,
uniformly on compact subsets of some open neighborhood of K).

Proof. Let y in X be such that f is weakly holomorphic on E(y). If z
is in E(y), then z is on L(q) for some g < y in X, and by the corollary to
Theorem 2, there exists an s in X with ¢ <<s <y, and a sequénce
(P : k= —1, =2, —3,...) of functions analytic on the complement of K,
such that (3.2) holds, the convergence being uniform for z on Cl(E(g)) and
w on Cl(e(s)). But then Zk —o0 Pi(z) P_;_4(t) f(t) converges with respect to 7,
uniformly for z on CI(E(g)) and ¢ on L(s) (since f(L(s)) is T-compact in V),
and so (we may assume $(0) << )

f@ =2 [ (O =2 de = A2 [ > Pu@) PO (1) dt

L(s) x=o

= 3 P12 | PR ESCYOTE S, 4() PAC2),

where the uniform convergence, for z on CI(E(g)) and ¢ on L(s), of the series
under the integral sign justifies the reversal of the order of integration and
summation (since the T-continuity of a ¥-valued function g on the compact
set L(s) implies that the integral of g around L(s) is in the compact set formed
by multiplying .the closed convex balanced hull of g(L(s)) by the length of
L(s)), and also implies the uniform convergence of the last series for z on
CI(E(q)). Each A(k) is independent of s as long as g < s (and s(0) < o0),
and so the series in (3.1) is well-defined and converges uniformly in a neigh-
borhood of each point of E(x), and therefore compact-openly on E(x). If

640/6/3-6
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his any continuous linear functional on V, then A(f(2)) = ZLO h(Ak)) Pi(2),
since for each z the series in (3.1) converges with respect to 7. Thus the
numbers (H(A(k)): k =0, 1, 2,...) are the uniquely determined coefficients in
the expansion of the complex function A(f(z)) with respect to the basis P,
so if f(z) = Z;;o B(k) P(z) with T-compact-open convergence, then
A(B(k)) = h(A(k)) for every T-continuous linear functional 4, and so B(k) =
A(k). Thus the expansion in (3.1) is unique, and this completes the proof of
the theorem.

5. EXAMPLE

Let K be a coregular set, let ¢; be a bounded component of the complement
of K, let a (= a(j)) be a point in e, , and let H (= H;) be the linear fractional
transformation given by H(z) = 1/(z — a). Let e = H(e;) and let K, be the
complement of e. Let p = (p : k =0, 1, 2,...) be a sequence of polynomials
with exact degree of p, = k, which is orthonormal with respect to integration
over K, , or around the boundary of K, if it is rectifiable, with any positive
continuous function allowed as weight function. Then p is a basis for X
[6, pp. 91-7, 125-8]. Similarly, if the boundary of K, is an analytic Jordan
curve, we may take p to be the sequence of Faber polynomials associated
with the curve [1, pp. 86-7]. In any of these cases, any function f analytic
on K, can be expanded uniquely in the form (3.1), the convergence being
compact-open on K. If f is analytic on the complement K; of e;, then
gw) =f(H'(w)) is analytic on Ky; so f(z) =g(u) = Yoo A(K) pr() =
> o A(k) pi(H(2)y = T,_o A(k) Pi(z) where each Py is a rational function
of degree k& with pole at a, the convergence being compact-open on Xj;, and
the coefficients uniquely determined. We define P;(z) == Py(z), k =0, 1, 2,...,
and repeat this construction for eachj =1, 2, 3,... . Since (P, : k =01, 2,..))
is a basis for K;, Theorems 2 and 3 imply that there exists a sequence
(P;, : k = —1, —2, —3,...) of functions analytic on e; such that any (vector-
valued) analytic function f; on K; can be expanded compact-openly on K;
in the form

S0 = £(0) = 3 AG) Pa@), AK) = (2m1) [ Pyt 6D

where L; = L;(x) for a suitable x in X. For the case of the unbounded
component e, of the complement of K we let Py (z) = Pi(z), and use
Theorems 2 and 3 to get the sequence (Py. : k = —1, —2, —3,...) such that
any f, analytic on the complement K, of the unbounded component of the
complement of K can be expanded in the form fy(z) = Z:=0 A(k) Py(z),
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with the A(k) given as in (5.1). We define P;(z) =0 for z on X;, k =
—1, -2, -3,...,j=0,1,2,...

Now if f is analytic on K, then (2.8) of Theorem 1 implies that f is the
sum of (finitely many) functions f;, each analytic on K;, since if
Z:,O:O B(j, n) Q;,(2) converges uniformly on L,(x), then it converges uniformly
on Ejx). Each f; can be expanded in the form (5.1) (with the necessary
change when j = 0), and so f can be expanded compact-openly on K in
the form

N =
f(z) = 4(0,0) + X_: Z A(j, k) Pp2),

40,0 = %, ap2mi) [ @) P

j=0
A m) = (1/2mi) | i JOPs@dt, =012, n=123,.,
Y.

for a suitable y in X. The uniqueness of this compact-open expansion of f
follows exactly as the uniqueness of the expansion in (2.8) since if j # 0,
then P,.(t) P;,_,_,(¢) is analytic on the bounded set e;, for m and
k=01,2,..,n=123,..,m%j,if j=0, m and k=0,1,2,.., n =
1,2,3,..., m#0, then P,,(¢) Py_,(¢) is a rational function with all its
poles inside L,(y) and with denominator of degree at least two greater than
the degree of the numerator (from (3.4)); and finally, if m = j, then from
(5.1) and the fact that (P, : k =0, 1, 2,...) is a basis for K;, we have that

(A2i) [ Palt) P ualt) = B

forj,k=0,1,2,...,n=1,2,3,...
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